Abstract. We discuss the measure-theoretic metric invariants extent, mean distance and symmetry ratio and their relation to the concept of negative type of a metric space. A conjecture stating that a compact Riemannian manifold with symmetry ratio 1 must be a round sphere was put forward by the author in 2004. We resolve this conjecture in the class of Riemannian symmetric spaces by showing that a Riemannian manifold with symmetry ratio 1 must be of negative type and that the only compact Riemannian symmetric spaces of negative type are the round spheres.
Introduction
We will discuss the concept of negative type of a metric space, focusing on the relation to the measure-theoretic metric invariants extent, mean distance and symmetry ratio. The symmetry ratio is a new invariant, taking values in (0, 1], derived from the first two, which have been studied previously in, e.g., [HKM] and [K1] . In the paper [K1] a conjecture was put forward, which can be formulated as: a compact Riemannian manifold with symmetry ratio 1 is a round sphere.
It turns out, as we shall see, that a quite general compact metric space of symmetry ratio 1 is also of negative type, and thus identifying Riemannian manifolds of negative type is a first step towards resolving the conjecture.
The main result in this paper is given in Corollary 2.6, stating that a compact, globally symmetric Riemannian manifold of negative type is a round sphere. This then settles the conjecture in the class of Riemannian symmetric spaces.
Whether negative type itself characterizes the round spheres among compact Riemannian manifolds is to the author's knowledge still unsettled. Indeed the role of negative type in Riemannian geometry is still somewhat mysterious. However, the relation of negative type to the metric invariants we shall discuss below is, in the author's opinion, a good justification for studying the concept.
1.1. Background and notation. For background on measures and integration we refer to [GP] , while for background on Riemannian geometry we refer to [C] . Here we will give a brief recap of the essential definitions from measure theory, since these might be unfamiliar to some geometers.
Let (X, d) denote a compact metric space. To avoid trivialities we always assume that X contains at least two points.
The set of distributions, signed measures or Radon charges (as they are called in [GP] ) is the R-span of all Radon measures on X. We shall use the notation M(X) to denote the set of Radon charges.
The norm or total absolute mass of µ ∈ M(X) is µ = |µ|(X), where |µ| denotes the measure µ + + µ − , and µ + , µ − is the decomposition of µ into its positive and negative parts. With this norm M(X) is a Banach space isometrically isomorphic to C(X) * , the dual of the space of continuous functions C(X) with the uniform norm, [GP, Proposition 6.5.9] .
M(X) is equipped with the w * -topology (the weak topology):
The subset of M(X) consisting of normalized, positive measures, i.e. µ = |µ|, will be called probability measures:
We have a symmetric, bilinear form on M(X) associated to the metric d:
The corresponding quadratic form is denoted by the shorthand I(µ) := I(µ, µ). For a distribution µ ∈ M(X) we define the associated potential of µ as
Thus by Fubini's Theorem, cf. [GP] , we have for µ, ν ∈ M(X),
Metric invariants.
To a general compact metric space X we can associate the following metric invariant:
The extent is thus the maximal mean distance of X with respect to probability measures on X. The concept was introduced and studied in [GM] by Grove and Markvorsen, who defined the quantity as:
The equivalence of the definition used in [GM] and the measure-theoretic definition given above follows from the w * -density of finitely supported measures; see e.g. the discussion in [K2] . Definition 1.3. A probability measure µ ∈ P(X) on a compact metric space X is called a normalized volume measure if it has support everywhere:
for all p ∈ X and all r > 0. Here B(p, r) 
The mean distance of a compact metric space X with a fixed normalized volume measure µ 0 is defined to be md(X) = I(µ 0 ).
We will call the potential associated to µ 0 the mean distance function and use the notation: md(p) := p µ 0 (p).
In general we are interested in volume measures that are naturally associated to the metric, e.g. Hausdorff measures. For a Riemannian manifold M we will always take the fixed normalized volume measure to be the normalized Riemannian measure:
We can then define yet another metric invariant, which we will call the symmetry ratio: Definition 1.4. For a compact metric space with a fixed volume measure µ 0 define
The idea behind the definition is that the comparison between md and xt in a given class of metric spaces should give a measure of how symmetric a space is, and that, at least in certain classes of spaces, we can only have sr(X) = 1 if the space is maximally symmetric (see however Remark 1.8 below). The following was conjectured in [K1] :
Here the round sphere of dimension n and curvature κ, S n κ , is the standard simply connected space form of constant curvature κ > 0 for n ≥ 2, while for n = 1, κ > 0, S 1 κ is a circle of length 2π/ √ κ. It is not difficult to verify that a round sphere has symmetry ratio 1; cf. [K1] .
We will establish the conjecture in the class of Riemannian symmetric spaces below. Example 1.5. We will consider sr(RP 2 ) to give an example of a symmetric space with symmetry ratio less than 1. In RP 2 there is, up to symmetry, one configuration X of 3 points having mutual distances π 2 . These points are the vertices of a triangle with 3 right angles. The extent of such a configuration of points is equal to the mean distance, which is xt(X) = md(X) = 2 3
This follows since X has strictly negative type, and the extent is thus uniquely realized; cf. [HKM] . Thus xt(RP 2 ) ≥ xt(X) = π 3 (in fact we claim, that we have equality here). The same construction works in higher dimensions to show that
The length of the boundary of a ball of radius r < π 2 on RP 2 is the same as for the 2-sphere, length(S(p, r)) = 2π sin(r). So using polar coordinates to calculate the mean distance function, which is constant, at a point p we get
We claim that one can verify, with some work, that sr(RP n ) → 1 as n → ∞.
We will now introduce the concept of negative type: Definition 1.6. A compact metric space X is said to be of negative type if I(µ) ≤ 0 for every µ ∈ M(X) with vanishing total mass, µ(X) = 0.
Negative type has been studied in many different contexts; see [HKM] or [DL] for more details. Usually the concept is defined via finite subsets, by saying that X is of negative type if for any finite subset {p 1 , . . . , p n } ⊆ X and any associated weight vector x ∈ R n with n i=1 x i = 0 we have n i,j=1
The equivalence of the measure-theoretic definition given above and the one using finite subsets follows, as for the extent, by w * -density in M(X) of finitely supported distributions.
Apart from the problem of classifying Riemannian manifolds of negative type, the main reason for introducing negative type here is the following: Lemma 1.7. Let X be a compact metric space with a normalized volume measure µ 0 . Then X has maximal mean distance md(X) = xt(X), i.e. sr(X) = 1, iff md(p) = md(X) ∀p ∈ X and X is of negative type.
Proof. For µ, ν ∈ M(X), we have
Assume that md(X) = xt(X). By [B, Theorem 2] (or Theorem 13, p. 89 in [K2] ), we have for a measure µ ∈ P(X) realizing xt(X) that p µ (p) = xt(X) for all p in the support of µ. Thus since µ 0 has support everywhere, the mean distance function must be constantly equal to xt(X). Secondly, if X is not of negative type, then since measures of the type fµ 0 , f ∈ L ∞ (X, µ 0 ) are weakly dense in M(X) (see Lemma 1.9), we can find an essentially bounded function such that fµ 0 = 0 and I(fµ 0 ) > 0 (using that the map µ → I(µ) is w * -continuous; cf. [K2] ). Possibly by scaling, we may also assume that ν 0 := (1 + f )µ 0 ∈ P(X). But then by (1.5),
since the term 2 X md fµ 0 vanishes due to constancy of the mean distance function. Hence X must be of negative type.
On the other hand, if md(p) is constant and X is of negative type, then by the variational formula (1.5), I(µ) ≤ I(µ 0 ) = md(M ), for all µ ∈ P(X) by inserting ν = µ 0 − µ. Remark 1.8. The lemma above gives a procedure for constructing metric spaces with maximal mean distance: Given a metric space X of negative type, find a compact subset Y such that the mean distance function is constant on Y . In this way one can construct infinitely many disconnected, nonhomogeneous subsets of Euclidean spaces having symmetry ratio 1. Thus for the symmetry ratio to give a "good" measure of the homogeneity of a space, one should at least restrict to a class of connected spaces.
On the other hand, the lemma also shows that a homogeneous space equipped with an invariant measure, which then obviously has constant mean distance function, has symmetry ratio 1 iff the space is of negative type. Thus if the symmetry ratio conjecture is true, negative type should characterize the round spheres among compact homogeneous manifolds. The more general question whether negative type alone characterizes the round spheres among all compact Riemannian manifolds is to the author's knowledge still open. Lemma 1.9. For a compact metric space X with a fixed normalized volume measure µ 0 , the subspace {L
Proof. It is easy to check that 1 µ 0 (B(p,r)) 1 B(p,r) → δ p as r → 0, where 1 B(p,r) is the indicator function on the ball B(p, r) and δ p is the Dirac point measure supported at p. Then the result follows since atomic distributions are weakly dense, [GP, 2.5.8] .
One can easily extend the lemma above to show that {C(X)µ 0 } is w * -dense in M(X), for example via weak density of C(X) in L ∞ (X, µ 0 ); cf. [GP, 6.5.12 ].
Riemannian manifolds of negative type
Refer to [C] for background on Riemannian geometry and to [H] for Riemannian symmetric spaces. Here we will recap some essential notions.
If γ : R → M is a unit speed geodesic in a Riemannian manifold M , we say that
but not for any t > s. The cut locus of p ∈ M , C(p) , is the set of all cut points of p.
We say that a simply closed, unit speed geodesic, γ, of period 2L is a circle if γ is minimizing on any subarc of length
A Riemannian manifold, where the cut locus of any point p consists of exactly one point Q(p) at a fixed distance d common to all p, is isometric to a round sphere; this follows from the Blaschke Conjecture; cf. [C, p. 244 Proof. Let γ ⊂ M be a closed geodesic of minimal length 2L among all closed geodesics on M . This set is nonempty; cf. [H, Proposition 5.3, p. 356] . Also any self-intersecting geodesic on M is simply closed (Proposition 5.2 in [H] ). Given t ∈ R we will show that the arc γ ([t, t + L] ) is minimizing; this implies that γ is a circle.
If the arc γ([t, t + L]) is not minimizing, there is a strictly shorter geodesic ω : [0, L ] → M connecting γ(t) and γ(t + L). Since γ(t + L)
is a fixpoint of the geodesic symmetry at γ(t), we must have that ω(−L ) = γ(t+L); thus ω is a simply closed geodesic of strictly shorter length, which is impossible.
Since any compact globally symmetric space has a circle and is a homogeneous space, we get our main result of this paper: Corollary 2.6. A compact Riemannian globally symmetric space of negative type is a round sphere S n κ .
